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Abstract

This paper is devoted to a conditional stability estimate related to the
ill-posed Cauchy problems for the Laplace’s equation in domains with C1!
boundary. It is an extension of an earlier result of [2I] for domains of class
C*°. Our estimate is established by using a Carleman estimate near the
boundary in which the exponential weight depends on the distance function
to the boundary. Furthermore, we prove that this stability estimate is nearly
optimal and induces a nearly optimal convergence rate for the method of
quasi-reversibility introduced in [I7] to solve the ill-posed Cauchy problems.

1 Introduction

The question of stability for ill-posed elliptic Cauchy problems is a central ques-
tion in the fields of inverse problems and controllability. Concerning the inverse
problems for example, the aim is generally to retrieve some unknown object, for
example an obstacle or a distributed parameter, with the help of some boundary
measurements. These measurements are noisy data by nature. Given two sets of
data the distance of which is o, the problem of stability amounts to study the dis-
tance in term of o between the corresponding two retrieved objects. In particular,
a practical motivation is numerics : the better is the stability we obtain, the better
is the numerical reconstruction we expect. In this view, the stability for ill-posed
elliptic Cauchy problems is an important first step in order to study the stability
of more complex inverse problems governed by elliptic PDEs, as it may be seen for
example in [I] concerning the inverse obstacle problem and in [6] concerning the
corrosion detection problem. The following paper is focused on this first step.

A number of authors have studied the stability for ill-posed elliptic Cauchy problems
since the first contributions of F. John [I4] and L.E. Payne [20]. In the meantime,
the so-called Carleman estimates have become a very efficient tool to derive not only
unique continuation properties (see for instance [5, [22]) but also stability estimates
(see for instance [I8 [13] 2T, [6] 24]).

The obtained stability estimates take some various forms, depending on the geome-
try of the domain and on the regularity of the function. But a classical and general
result is that the stability estimates are, following the vocabulary introduced by F.



John [I4], of Hélder type in a subdomain which does not include a neighborhood of
the boundary where limit conditions are unknown, and of logarithmic type in the
whole domain, as it will be described again in the following paper. In the particular
case of the Helmholtz equation, the authors of [I2] 23] analyzed the influence of the
frequency on the Holder and the logarithmic stability estimates, precisely on the
constant in front of these estimates.

Here we are interested in the influence of the regularity of the boundary on stability
estimates, precisely on the optimal exponent of the logarithmic stability estimate
in the whole domain. In [I], a logarithmic stability estimate is established in the
case of a Lipschitz domain for functions of class C™® with 0 < o < 1, with the
help of doubling inequalities. The exponent of the logarithm is however unspecified
in that paper. In [6], a stability estimate is obtained in 2 dimensions in C%% class
domains with 0 < o < 1 and for functions of class C2. In [24], a stability estimate
is obtained in domains of class C? for functions of class H", where > 2 depends
on the dimension. In these two last papers, the exponent is specified but not proved
to be optimal.

In the following paper, we specify the exponent of the logarithmic stability estimate
in the case of a domain with C*! boundary for functions in H?. Precisely, we prove
that this exponent is any x < 1 and that the value 1 cannot be improved. In this
sense, our stability estimate in nearly optimal. The case of a domain with Lipschitz
boundary, which requires a completely different technique, is considered in [3]. The
choice of the functional space H? is motivated by a particular application of our
stability estimate, which is the derivation of a convergence rate for the method of
quasi-reversibility to regularize the ill-posed Cauchy problems for the elliptic oper-
ator P [I7]. We hence obtain a nearly optimal convergence rate for the method of
quasi-reversibility in the whole domain, which is new and completes the result of
[16] concerning this convergence rate in a subdomain.

The starting point of our study is the nice article of K.-D. Phung [2I], who obtained
the following conditional stability estimate for the operator P = —A. — k., k € R.
For a bounded and connected domain Q C RY of class C*, if I'y is an open part of
09, then for all k €]0, 1], there exist constants C,dy > 0 such that for all 6 €]0, do],
for all function u € H?(Q) which satisfies

ull 2 < M, [|Pul|r2(@) + [|ull g1 ) + l[Onul|L2rg) <6, (1)

where M is a constant,

M
(log(M/6))~

A similar estimate holds with ||ul|g1 () replacing ||ul|g1(ry) + |[Onul|r2(ry) in ()
for any open domain w € €2. The label ”conditional” stems from the first inequality
of (M), which is required to obtain stability. We also notice that despite u € H?(2),
we only estimate ||u||g1(q) in @), which is due to the estimation of the function u
up to the part of the boundary 92 which is complementary to I'y (see the proof of
proposition 4). In [2T], the proof of []) for C*° domains is mainly based on an in-
terior Carleman estimate [8, [II], as well as a Carleman estimate near the boundary
[19]. Precisely, the analysis of stability near the boundary follows from a Carleman
estimate in the half-space after using a local mapping from the cartesian coordi-
nates to the geodesic normal coordinates, which separates normal and tangential
second derivatives in the principal part of the transformed operator. The Carleman

(2)

lullerio) < €



estimates apply to the transformed operator and use microlocal analysis.

The aim of this paper is to prove that the stability estimate () still holds for do-
mains of class C''! with the same assumptions. Because it is based on geodesic
normal coordinates, the technique used in [2I] is not strictly speaking applicable
to domains of class C"'. By definition of a C''! domain, a particular mapping
enables us to flatten the boundary and then probably to continue the analysis on
the transformed operator in the spirit of [21I], despite separation between normal
and tangential second derivatives does not hold any more.

The present paper is however devoted to an alternative technique that uses no local
change of coordinates and which is based on the distance function to the bound-
ary. Precisely, we use Carleman estimates near the boundary directly on the initial
geometry and on the initial Laplace operator, by following the friendly method of
[9) instead of microlocal analysis, and the exponential weight is a function of the
distance to the boundary.

Our paper is organized as follows. The second section is devoted to the derivation
of our stability estimate with the help of a Carleman inequality. This is based on
the local regularity of the distance function to the boundary, which is related to the
regularity of the domain. In section 3 we prove that such stability estimate in nearly
optimal. Lastly, in section 4 we derive some convergence rates for the method of
quasi-reversibility to regularize the ill-posed Cauchy problems.

2 A stability estimate in domains of class C'!

2.1 About the regularity of the distance function

We consider a bounded and connected domain Q ¢ RY of class C™!. For x € Q,
we denote dgq(z) the distance function to the boundary 052, and we define the set

moa(z) = {y € 09, |r —y| = doq()},

where |.| denotes the euclidean norm in RY. At any point y € 952, the outward unit
normal is denoted n(y).

There are a number of contributions concerning the regularity of function dyg near
the boundary. Among these, the following theorem is proved in [7] (see theorem
4.3, p. 219).

Theorem 1 : If the domain Q C RY is of class C'', then for all o € 99, there
exists a neighborhood W(xg) of x¢ such that if W(zg) = W(x¢) N9,

Ve € W(xg), moql(x)={Paa(x)}
is a singleton and the map : W(xg) — R"
x — Pyq(x)
is Lipschitz continuous in W (xq). Moreover,
Vo € W(zg), Vdaa(x)=—n(Psa(z)).

As a result, Vdpq is Lipschitz continuous in W(xg), so dpg € CH1(W(zp)), in
particular the components of V?daq belong to L™ (W (zg)).

Remark 1 : As proved by a counterexample in [7], p. 222, when 2 is only of
class C1*, with 0 < o < 1, then dpn may be not differentiable in a neighborhood
of 9. In particular, Vdagq is not a C° function in a neighborhood of 9.



Figure 1: Two cases for definition of Ky and 9K

2.2 A Carleman estimate near the boundary

We consider xg € 992, Ry > 0, and the set B = QN B(zg, Ry). We define f{g(B) as
the restrictions to B of functions in HZ(B(zo, Rp)).
Let the function 1 satisfy ¢ € C1(B), Vi) # 0 on B, and V23 € (L>(B))V*¥,
We define for € > 0,
K. = {1‘ € Ea ¢(33) > 6}'

In the following, 1 is chosen such that only two cases occur (see figure [I). In
the first case Ko = B, the boundary of Kj in then included in 9Q U dB(xq, Ry)
and we denote Ky = B N €. In the second case {x, ¥(x) > 0} NN = (), the
boundary of Ky is then included in {x, ¢¥/(z) = 0} U 0B(zg, Ro) and we denote
0Ko={xr € B, (x)=0}.

Denoting ¢(z) = e®¥®) for a > 0, we have the following lemma.

Lemma 1 : Let define u € C§°(B(xg, Ry)) and v = ue*® with A > 0.

With the following definitions

p1 = 202\ #(V.Vo)? de,
Koy

p2 =N [ P|Vy[tPdr, ps3= a2)\/ o|VY|?|Vo|? da,
Ko Ko

d; = 2a)\/ V.V Vode, dy=—a) [ ¢(AY)|Vo|*dz,
KO KO

ds =202\ | ¢|VY[A(VY.Vo)vde, dy=4a*X [ ¢(Vi. V2. Vo)vdr,
K(] KO

ds =203\ [ ¢3(VIp. V2. V)l de, dg = a3)\3/ & (A)|Vip|*v? du,
Ko

Ko



by = —2a\ qs(vw.vu)@ dl', by = a\ ¢8—w|VU|2 dr,
0K, 371 0K, 811

)
by = —202\ ‘MW}F”@% AT, by = —a3\3

w2002 ar,
IK, on

OKo
po = / (k+ XSV — aAS(A))** de, p= / (Pu)? 2 da,
K() KO

we have

p1+p2t+p3s+dy+do+ds+ds+ds+dg+ by + by + by + by < pg+ p.

Proof: We first find an expression of Pu as a function of v. Since u = ve™*?,

Ou _ <8v _ Oé)\qf,%U) ef)“b,

%j N Omj ij
Pu [ Y 5 O Y v\ _x
7(9%.]2 = (asz —a)\(Z)ax]2U—a Aqb(aix]) 'U—Oé)\qﬁaxjaxj> e
v O 0%
(3xj a)\¢8$j U) a)\Qbal'je
0%v 0% 9 oY oY v
= —_— _— — J— 2 —_—
(81']2 a)\(baxﬂv @ /\(b(ax]) v a)\(baxj 896]-
o _
2y2 20 YY N2 Py
+ aw(axj)v)e ,
whence
Au+tku = (Av+kv—arg(Ay)v — a®Ad| Vi[> — 2ard(V). V)

+  a?N\¢?|VyPo) e M.
The above equation can be rewritten
—Pue’® = Myv + Msv + M3sw,
by denoting

Miv = Av+a?\2¢?|Vy|*u
My = —=20A6(V.Vv) — 202 Ag| Vv
Msv = kv+a®A¢|VY|*v — adg(Av)v.

It follows that
[ My + M2UH2L2(KO) = |[Pue® + M3U||%2(K0)7

whence
(Myv, Mav) r2(x5) < |[Pue®|[Taeyy + [ 1M30][72 ()



We now develop that left-hand side term. Since Mj;v and Msv are both the sum of
two terms, with obvious notations we have

(Myv, Mav)12(ky) = T11 + T2 4 Io1 + Izo.

By integration by parts in K, we obtain by using the Einstein notation for repeated

indices,

Iy

+

—2a) ¢(A’U)(V1/).V’U) dx

. 31/1 ov
2@)\/ ox; 6951 axja 5)dr —2a) 8K0¢ n(v¢ .Vv)dl'
o 9% v 9 v O O Ov
200 | O et T2 | b e
ov oY 0%
20 ¢81’1 Oxj Ox;0x; dz — 2aA - ¢%(V¢.VU) dl’

202\ H(V).Vo)? dx + 2a) #Viu. V. Vo dx

al

K() KO

oVY.V(|Vo|?) dx — 2a) ¢ (W; Vv) dl'
Ko 0Ky

The third term of the above sum can be rewritten

Similarly, we have

112

aX [ ¢V V(|Vu|?) dx

Ko
) . / -
a)\/KO Bxi( oz, )| Vol de + aX d) |V | dl

—a\ ¢(A¢)|Vv|2dx—a2)\/ | VY|Vl de
Ko

Ko

a\ ¢—|V |2dr.
OKo

—20°\ [ ¢|VY|PvAvdr

Ko

2a2)\/ V(9| VY|?v).Vvdr — 202\ ¢|vw\%% dl’
Ko

IOKo

2a3)\/ ¢|V1/1|2(V¢.Vv)vd:v+2a2)\/ oV (|V[?). Vo de
Ko Ko

2a2/\/ P VY|?|Vu|? do — 20\
Ko

o022 ar.
OKo 8



o A(v?)

Iy = —2a3)\3/ ¢3|V1/J|2(V1/J.Vv)vda;:—a3)\3/ % V|2
Ko Ko

= a3/\3/ div(¢®| V|2V v? do — aP A3 ¢3|w|2§i’v2dr
Ko n

0Ky

= 3a’\3 ¢3|V1/)|41)2d:1:+a3/\3/ H3div(| V|2V )v? de
Ko KO

— a’x\ ¢3\w|28—¢v2 dr.
0K, an

Lastly
Iy = —2a4)\3/ 3| V| *o? da.
Ko
If we add all terms and simplify, we finally obtain
(Myv, M3v)12(ky) = p1 + P2 + p3 +di +da + d3 + dy + ds + dg + b1 + ba + bz + bs.
Since
| M30][72xc,) = Pos  |[Pue*|Tag,) = p,

this completes the proof of the lemma. W

We obtain the following Carleman estimate in Kj.

Proposition 1 : There exist K,ag, A9 > 0 such that Ya > «agp, YA > g,

Vu € H3(B),

N B3Vt da + az)\/ B\ VY| | Vul?e?? da
K(] KO

<K | Pul?e®*? do+ K a\ B| V|| Vu|>e*? dl+ K a3 #3|Vep[Pu?e? dr.
Ko BKO 8KO

Proof: For u € C§°(B(xo, Ro)), we denote v = ue*® and use the notations of

lemma 1. Since V4 # 0 on B, we have

20— A
potds+ds > 0N [ @|vplt(ar 2D A 2y,
Ko VY
20— - A
p3s+di+do>al [ |V (a+ W)sz dz,
Ko VY|

where p1— () (vesp. p4 (1)) is the smallest (resp. largest) eigenvalue of V21. Since
u— () and At belong to L°°(B), there exists a constant ¢ such that

W>c a.e. in K.

Hence, for sufficiently large « there exist constants K, K’ > 0 such that

p2 +ds +dg > Ka'\? ¢°| V|0 da,
Ko



s+ di+dy > K’aZA/ SV 2|Vl da.
Ko

Now we look at terms ds and dj.
|ds| < 2a3>\/ |V 2| Vep. Vo|v| da.
Ko
By using Young’s formula,

lds| <X [ ¢(Vy.Vv)2de+a*X | ¢|Vi|*o? da
Ko Ko

<A\ [ o(VY.Vu)ide + o) | ¢P|Vy|te? da,
Ky Ko
since ¢ > 1 in Kj.

Hence we have

p1 +dz > a?) H(V.Vo)? dx — a4)\/ 3| Vip|v? dx
Ko KO

> —a4)\/ 3| V| *0? da.
Ko
i < 102 [ ou(w)Vol[Veo]
Ko
with p(¢) = max(|u— ()|, |1+ (¥)]), and by using again Young’s formula,
i <20 [ o)Vl do+ 20 [ on(w) VP de
Ko Ko
Since p(v¢) € L>(B), there exists a constant C' such that

|/é<;}/})2§0 ae. in K.

Then, since ¢ > 1 in Ky,
da| < 20043)\2/ S|Vt dx—i—QC’a/ SV Vol dx.
Ko Ko

We now consider the case of py.
We have

k 1 Ay
a2\p[VY[2 o |[Vi2

po = a*)\? B | VY| (1 + )2v? da.
0

For A > 1 and sufficiently large «, we obtain

po <22\ [ ¢?|Vy|te? da.
Ko

If we gather all the above estimates, we obtain

P14+ p2+ps+di +do+ds+dy+ ds + dg — po



2K0a4)\3/ ¢3|V¢|4v2dx+K1a2/\/ o| V2| Vo|? dz,
Ko Ko

with

KozK—i—E—g KlzK’—E.
a\
As a result, when a and A are large enough, we have Ky, K7 > 0.
Now let us consider |b;], ¢ = 1,2, 3,4. We have

b1 + bs| < 302 / 6|V ||Vl dr,
OKo

by < 2a2)\/ 6|V 2Vl [o| dT,
OKo
< a)\/ ¢|V1/J||Vv|2df+a3)\/ P\ V|02 dT,
6K0 BKO

|bs| < @®N? . 3| VP2 dl.
0

Since ¢ > 1, for A > 1 we have

b1 4 by + bs + by| < 4a/\/ B|VY||Vu|* dT + 22 \? 3| Vy|Pv?dl.
0K 9Ky

Applying lemma 1, we obtain that for sufficiently large «, A, there exists a constant
K > 0 such that

at\? ¢3|V1/J\402dx+a2/\/ o VY|?|Vo|? da
Ko

Ko

<K | Pu|? 2 da
Ko

+Ka/\/ V|| Vo|? dT + Ko\ 3|V dl.
8K0 8I(O

Now we replace v in the above estimate by its expression as a function of u.
v=ue,  Vu=(Vu)e* + arpu(Vy)er?.
We obtain

204N\ [ #3|Vyrute?  de 4+ o\ | ¢| V2| Vul?e?r? dx
K() KU

+2a3\? 2|V |2u(Vip. Vu)e?*? dx
Ko

<K |Pu\2e2k¢’dx+KaA/ B\ V|| Vu|?e* * dT
Ko 0Ky

+2Ka?)\? OV u(Vp.Vu)e?*? dl 4+ 2K a®\3 o3|V Pue* N dr.
3K0 8I(O



We now use the following Young’s inequalities :

2a3)\2/ |V Pu(Vip.Vu)e? ? da
Ko

1
< 7044/\3/ ¢3|Vw|4u262)‘¢dm+a2)\r/ | V|2 | Vu|?e®*? du,
r Ko Ko

with r > 0, and

20°N° [ 7|V [u(Vp.Vu)e*r? dl“‘
0Ko

<or [ ovelvuper a0ty [ 6 (Tuften ar,
OKo K,

As a conclusion, if we choose 1/2 < r < 1, we obtain K > 0 such that for a, A large
enough, and for all v € C5°(B(zg, Ro)),

a4)\3/ &3V fu?e® da + aQ)\/ O\ V2| Vul?e* da
Ky Ko

<K [ |Pul*e*?dz+Ka) / B\ V|| Vu|2e?  dT+ K a3 \3 3|V Pu?e dT.
Ko 0K, 0K,

By density, the above result remains true for u € ﬁg (B). &

Remark 2 : In the following, we can use a simpler statement as in proposition
1. Once we have fixed @ = ag > 0, we can drop a and ¢ from the Carleman
inequality and obtain there exist K, \g > 0 such that VA > \g, Vu € HZ(B),

)\3/ u2e2)‘¢dx+>\/ |Vu|?e?*? da
Ko Ko

<K |Pu|262)‘¢dx+K)\/

|Vu|?e? dl + K X3 / u?e? dr.
Ko 8I<O

0Ky

We hence obtain the same Carleman inequality as in proposition 1 from [I9].

2.3 Two stability estimates near the boundary

We consider a bounded and connected domain © C RY with a C'! boundary 9%,
and 'y an open domain of 9. This implies that there exist zg € I'g and 7 > 0
with 9Q N B(xzo, 1) C Ty.

In this section we apply the Carleman estimate of proposition 1 to obtain two
stability estimates near the boundary. We use approximately the same method
as in [21], with however two main differences. First, we use Carleman estimates
involving weights e®¥1, e®¥2 where the functions 1, are defined hereafter and
depend on the distance function to the boundary, instead of a Carleman estimate in
the half-space after a local change of coordinates. Second, as concerns proposition
4, we use the level curves of a well-chosen weight instead of a perturbation of the
domain in order to introduce the open domain w; € €2 in the right-hand side of
the estimate. Before deriving these two stability estimates, we recall the following

10



useful proposition, which is proved in [2I] with the help of an interior Carleman
estimate, and which is not influenced by the regularity of the domain.

Proposition 2 : Let wg,w; be two open domains such that wg,w; € ). There
exist s,c,eq > 0 such that Ve €]0, o[, Vu € H2(),

c S
lulltr ) < < (IPullez@) + 1l @) + € llullm @)
For all zg € 99, we can choose the set W (zg) in theorem 1 as B where B =

QN B(xg, Ry), for some Ry with 0 < Rog < 1. In the following, we will use the two
functions 11, Y9 defined in Q by :

Ua(e) = R = daole) = 5r(@)?, g
Vale) =70 r(@)don(®) + (1~ or(e))don(z), @
don (@) = done) + 3 don(e)? — r(z)?), o)

with r(z) = |x — x|

Here, R > 0 is chosen such that ¢; > 0 on B. We easily prove that for sufficiently
small Ry and 79 < Ro, {d(z) > €} N B(zo, Ry) # 0 for all € with 0 < & < ro.
Furthermore, v is a C? function on [0, Ry] such that v = 1 on the segment [0, o],
and which is non increasing on [rg, Ry] with 0 < v(Ry) < 1. Lastly we assume
that ~/(r) + 2y(r) > 0 on [0,Rp]. Such a function ~ exists, take for example
y(r) = A(r —ro) for r € [ro, Ro] with ¥(r) = (2r% +2r + 1)e=2". Since y(r) € [0,1],
we have {¢a(z) > €} N B(xg, Ry) # 0 for all ¢ with 0 < & < ry. We have the
following result.

Lemma 2 : The two functions ¢ and vy satisty the following properties : for
i=1,2,9; € CL(B), Vip; # 0 on B, and V?3; € (L>(B))N*N,
Proof : Theorem 1 implies that dpo(r) € C*(B) and V2daq € (L°°(B))N*N,

which implies the same properties for ¢, and ts. -
We first verify that Vi, # 0 in B. Using theorem 1, we obtain that in B,

Vipi(z) = n(y) — (z — zo),
where y = Pyq(z). If for some z € B we had Vi (z) = 0, then we would have
|x — 2o = 1, which is impossible since Ry < 1.
We consider now V). A straightforward calculation leads to

1
Vips = Vdoa — §V('y o T)(d%g — 7“2) + (1 — o T)(daQVdQQ — (Z‘ — .1‘0))

Now using the fact that Vdapq = —n(y) and V(yor) =~ or(x)(z — zo)/|x — 0|,
we obtain
Vipy = —n(y) —

Tr — X

1 /! 2 2
=~ (r)(d50 — 7
7()( (o9} )|1‘—I0|

5 + (1= () (~doan(y) — (z — 20)).

If 2 € bwith b = QNB(0,79), then Vipo = —n(y) # 0. Now assume that Vips(z) = 0
for some « € B\ b. For any 7(y) L n(y), we have

1 7()
2 |x — x|

Vio(x).m(y) = 0= —(x — x0).7 < (d3q —72)+1— 7(7”)) )

11



Since dgq(z) < r(z) on B, v/ <0 and 1 —~ > 0 on |rg, Ry, we have necessarily
(x — x0).7(y) = 0, whence z — zg = —nn(y) for some n € R.
Furthermore,

Vipa(z)n(y) = 0= —1+ %7’(7")(%9 —1)sgn(n) — (1 = v(r))(doe — n),

that is

57 )6 — dBg)sem(a) + (1~ 7(r))(n — don) = 1.

But, since 7/ < 0,1 —~v >0 and dogq < |n| < Ro < 1,

1

— 57 () — dBg)sgn(n) + (1= 7(r))(n — doa) < —3'(1) +1=~(r),

and —y'/2+ 1 — v < 1 since ' 4+ 2y > 0, which is a contradiction. H
Now we prove the two following estimates.

Proposition 3 : Let ©g € Ty and 7 > 0 such that 92 N B(xo,7) C To.
There exists a neighborhood wy of xg, there exist s,c,eq > 0 such that Ve €]0, o],
Vu € H?(9),

c S
ull 51 (nwe) < z (||PUHL2(Q) + | ull g1y + Hanu||L2(Fo)) +&* [|ull g (o)

Proposition 4 : Let g € 0. There exist a neighborhood w of xy and an open
domain wy € € such that for all k €]0, 1], there exist ¢,eq > 0 such that Ve €]0, &g,
Vu € H?(9),

c/e (

ull g @nw)y < eC (I[Pullz2 ) + |ullg ) + &7 [ull z2(0)-

Proof of proposition 3 : We apply proposition 1 and remark 2 with function
1) = 1y defined by @)). Here Ky = B since ¢; > 0 on B and 0Ky = B N 99 (see
the definition at the beginning of section and the left figure of [[). We assume
that Ry < 7 so that 0K C I'g. We consider zy and z; such that 0 < z1 < 29 < R,
with \/2(R — 21) < Ro. This last condition implies that {x € Q, (x) > 21} C
B(zg, Ro). Next, we define v = yu, where x is a function in C5°(B(z¢, Ro)) such
that x =1 on K.
Thus we have v € HZ(B), and there exist K, Ao > 0 such that for fixed (sufficiently
large) v and for all A > Ag,

/ (02 + |Vou|?)e?Mde < K | |Pv?e** da + K)\Q/ (v? + |Vo|?)e? dT.
Ko

K() aKO

We hence obtain

/ (u® + |Vul?)e* dz < K’/ |Pul?e** dx

zQ 0

+K’/ (Ve dme?/ (u® + |Vul*)e** dr.
Ko\K, 0K,

12



Figure 2: Left : proof of proposition 3. Right : proof of proposition 4
By denoting h(z) = e**, and since 1 > zp in K, Y1 < Rin Ky and 1 < z; in
Ko\ K., (see the left figure of ), it follows that

eth(zo)||u|ﬁ{1(Kzo) < K/enh(R)”puHiz(Ko) +K/€2)\h(21)||u”ill(Ko)

FENEMD (|[ulfs oy + 190010

and thus for sufficiently large A,
lul |15,y < K" AXED=RED (|| Pul| 2 i) + [l 111 0100) + 1|00l 22 (010))

+ K" e (z0)=h(z1)) |2 (o) -

Taking into account the fact that h(R) — h(z9) > 0 and h(zg) — h(z1) > 0, by
changing variable A\ — ¢ we obtain that there exist s,c,eg > 0 such that for all ¢,
0 < e < e, for all u e H?(Q),

(I1Pull2(x) + lull a1 o0y + 110nullL2(o50)) + €° Hullmr (54)-

C
ullm(x.,) < z

This ends the proof since Ky C 0, 0K C I'g and K, = {z € Q, daq(z)+r%(x)/2 <
R — zp} can be written  Nwy, where wy is a neighborhood of zo. W

In order to prove proposition 4, we need the two following lemmas.

Lemma 3 : Let s, 8, A and B denote four non negative reals such that 5 < B.
If d¢,e9 > 0 such that Ve, 0 < € < &,

g<fA+ye B,
13

then




where C(s) = max(D(s), D(s))

s

D(s) = 51 (s +577), D(s) = (e/sef™)

C(s) is a bounded function on each interval [0, so].

Proof: We denote €,,;, and f,;, the minimizer and the minimum of
c
fle) = EA +e° B

respectively, that is

cA B 1
Emin = (SB)S-H’ Jmin = D(S)AS+1B5+ ,

—

with
D(s) = ¢+t (s% + 57 5T).
One should distinguish two cases. First, if €9 > ey, the result follows with
C = D(s).
If g < €4min, One has
CA 1

o=

and hence
B<A (c/ssgsﬂ)) .
Using assumption S < B, we obtain

1 s 1

B < B¥1B5#1 < D(s)As+1 B51

with L
D(s) = (C/SEE)S+1)) o

and the result follows with C' = D(s). To prove that C(s) is a bounded function of
s € [0, o] for fixed eg, we just have to verify that D(s) and D(s) are continuous on
[0, s0], in particular at 0. H

Lemma 4 : If Q ¢ RY is a bounded, connected and Lipschitz continuous
domain, and if dpq(x) denotes the distance of x to OS2, then Vr €]0,1/2[, Yu €
H" (%),

=
e

with C' > 0 depending only on r and on §).

l22(2) < Cllullgr (@),

Lemma 4 is known as Hardy’s inequality and is proved for example in [I0], p. 6.

Proof of proposition 4 : The first step consists in finding an estimate far away
from xg, by applying proposition 1 and remark 2 with function ¥ = 1 defined by
@) @). Here Ko = {z € B, ¢a(x) > 0} and 0K = {x € B, ¥(z) = 0} (see the
definition at the beginning of section [Z2] and the right figure of [[l). We consider the
domains K, ,» = {z € B,z <y(x) <2}, with0< 2z <2 <ry. Forve I:Ig(B),
there exist K, \p > 0 such that for fixed (sufficiently large) o > 1 and for all A > )y,

|P’U|262)\¢ dr + K\? / (v2 + \Vv|2)62”\¢ dr.

/ (0?2 + |Vv|?)e* dr < K
Ko K,

Ko

14



Let ¢ be such that 0 < € < rg. Denoting again h(z) = e*?, since ¥y > ¢ in K,
1o < Ry in Ky and ¥9 = 0 on 0K, we obtain

62>\h(s)HUH%’I(K“O) < KeQ’\h(RO)||Pv||%2(KO)+K)\262)‘h(O) (||y||§{1(8K0) + ||8nv||2L2(3K0)> ,
and hence, by using a classical trace theorem,
10l (k.. ,g) < K'APEIRED | Py pa ey + KA AP0 o .

We notice that h(g) —h(0) > ac > ¢ and A < (2/e)e**?, whence there exist d, L > 0
such that

1
ol (k.,y) < Le™(1Pol|L2 (50 tLe Mol 2 ()

Next, s > 0 and g > 0 are uniquely defined by e?* = 1/u and e=** = p*. It follows

in particular that s = &/d, and for 0 < pu < pg = e~ %0, Vo € f]g(B),

1 S
ellvlla (k. ) < ;L€HP’UHL2(KO) + 1 L[| 2 (x0) -
We apply lemma 3 with s = ¢/d, 8 = el|v||lm (k. ,,) » A = Lel|Pv[|r2(x,) and
B = L|v||g2(k,)- There exists C' (independent of €) such that for e with 0 < & < 7o,
for v € H3(B),

d

B 1 e+d
lolln e < Pollraey) = (Hliellrey)

At this step we reproduce exactly the same calculations as in [21]. We introduce
now s > 0, such that

it follows that

—4d(s et+d s sd
HU||H1(K6,7‘0) S C (E 5( +1)HP’U||L2(KO)) (8 ||’UHH2(KO)) +d .

Ivloreover,
4 d 1
c S(s+1) eE(s+1) log :,

and for small ¢, if we introduce p > 1,

(which is obtained by remarking that log1/e#~! < 1/e#~! for small ). This leads
to

d(s+1)
g_g(5+1) < eTa—Der

and finally, Vs > 0, Yu > 1, 3¢ > 0 such that for sufficiently small €, Yo € H3(B),

d

/e T .
o111 (.,og) < © (€ PO i) ™ (=¥ 110llr2)) 757
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By using the fact that Va,b > 0, Vp € [0,1], a?b' =" < a + b, we obtain

ol 720y < € (€7 POl 2y + %10l 20 ) -

We denote I. = K. N B(xp,70), and J. the complementary part of I. in b with
b = QN B(xg,r) (see the right figure of Bl). Since for = € B(xg,79) we have
Yo = dagq, it is easy to verify that I. C K. ,,. We finally have

[ollznry < € (/" 1Pol 2oy + £°l[0 |20 ) - (6)

The second step consists in finding an estimate of ||v[| g1 (s, uniformly in e, with the
help of lemma 4 in the domain b for v € HZ(B). It follows that for all r €]0,1/2],

v

T
dab

llz2) < CllvllEr @)
and since dg, < dyg = P2 < € in J.,
[llL2(r.y < Cellvllar@) < Ce|lollgir )

By using a classical interpolation inequality and a Young’s inequality, it follows that
vn >0,

2r
r 1/2 1/2 €
|wmmasdemm@mm%@sc(nnwm@+mwm@)

Since the above inequality is also true for the first derivatives of v, it follows that
Vr €]0,1/2[, 3C’ > 0 such that ¥n > 0,

627"
lollncay < € (S llolly +allllncy ) @
Using |[v|| g1y < |[v]|a1 (1) + |||l a1 (., and gathering (@) and (@), we obtain

ol < € (/= 1Pollaiy + ol l2(s) )

2r
9
+0 (ollsc + bl ) -

Choosing s = 2r and 7 such that C'n = 1/2, we obtain Vr €]0,1/2[, Vu > 1, 3¢ > 0
such that for sufficiently small €, Vv € H3(B),

[ollzr sy < € (e

Pollz2icy) + £ ol s )

where C' is a new constant. We obtain that Vx €]0,1[, 3¢ > 0 such that for
sufficiently small ¢, Vv € H3(B),

[ollmr sy < €% 11Pllz2 () + € lM0]|mr2(3) -

The third step consists in coming back to a function u € H?(). To this end
we consider a function x € C§°(B(xo, Ro)) such that x = 1 in B(z,r1) with
0<ry<rm < Rp, and v =xu € H3(B). Applying the previous estimate to v,

16



and denoting D, ,» = B(xg, ') \ B(xo, z) for z < 2/, one obtain there exists a new
constant C' such that

||ul| g1 ) < Ce* (HPUHLZ(KO) + ||u\|H1(KonDT1,RO)) + Ce™||ul| 2 ().

Given the particular definition of 2, we have Ko N D,, g, C Q. Indeed, assume
that z € Ko N Dy, g, and dpa(x) = 0, then
1

Yale) = —5 (1 =y or(a)) o — o’ < ~3(1 = (r))rf <0,

which is not possible. We conclude that there exists a neighborhood w of zy and
an open domain w; € Q such that Vs €]0, 1], there exist ¢,eq > 0, Ve €]0,&¢],
Yu € H?(Q),

ull 7 enwy < € ([1Pull 2@ + [l wn)) + €% lullr2q),
which completes the proof. l

Remark 3 : It is natural to wonder if the proofs of propositions 3 and 4 are
still applicable to domains that are less smooth than C':!, in particular Lipschitz
domains. The answer is clearly no. Indeed, as can be seen in the proof of our
Carleman estimate in proposition 1, the choice of 1) and 1 as set in @), @), @) is
not possible when Q is not C'! any longer, because in such situation (see remark
1) the components of V2dpq and hence of VZ¢; (i = 1,2) may be not functions
any more in the classical sense. This is the reason why for Lipschitz domains, in
particular, another technique has to be used (see [3]).

2.4 Derivation of the final estimate

Our final estimate for C**! domains results from propositions 2, 3 and 4. Precisely,
proposition 3 enables us to ”propagate” Cauchy data on I'g to a neighborhood of
any smooth point zq of T'g, in particular to an open domain wy € 2. Proposition
2 enables us to "propagate” data from this open domain wy to any other open
domain wy; € (). Lastly, proposition 4 enables us to propagate data on an open
domain w; € 2 up to a neighborhood of any point x € 99).

Theorem 2 : Let  be a bounded and connected domain Q C RN with a C1?
boundary 0f). If Ty is a non-empty open domain of 0f), then
Vi €]0,1[, e, g0 > 0, Ve €]0,&0[, Yu € H3(R),

ull ) < e (I[Pull 2oy + lullm o) + 10null2o)) + € ullmz).  (8)

From theorem 2 we obtain the following corollary.

Corollary 1 : With the assumptions of theorem 2, Vx €)0,1[, 3C,dy > 0 such
that V8 €]0, 5[, Yu € H?(Q) with

lull 2@y < M, [[Pull 2 (@) + [Jull o) + [10nullL2(re) <6,

where M is a constant,

M

wll i) < Cor—roe.
Il < C i

17



Proof: We deduce from theorem 2 that for ¢ < gq,
[lul| 10y < €6 + Me”. (9)
Denoting f(e) = e“/#§ + Me" for € > 0, the minimizer &,,;,, of f solves

M c ecl®
9(Emin) = 5 g(e) = Rl

The function g is non increasing with g(0+) = +oo and g(4+o00) = 0, so that the
above equation has a unique solution &,,;, for each § > 0.
If €9 > €pmin, then by choosing € = €,,;,, in ([@) we obtain that

K
[ull (o) < (EEO + 1)Mel .., = CMel (10)

For sufficiently small 8, &,,;,, is sufficiently small to have for some ¢’ > c,

M S
- = g(gmin) S e‘/ /ETnln.

4]

It follows that e, < ¢’/log(M/§), and we obtain the required result by plugging
this estimate in (I0). If 9 < €in, we obtain g(gg) > M/, and thus

M
1 < < = (C—.
[ull 1) < M < g(g0)d CM/5

The result follows from the fact that for small §, M/§ > (log(M/§))". In our proof,
C is independent of u, M, 6. B

Remark 4 : Let I'y denote the complementary part of I'g in 9€2. It follows from
corollary 1 that that for all  €]0, 1],

M
(log(M/8))~"

for all uw € H?(Q) such that Pu = 0, ||u||g2() < M for some constant M > 0
and ||u|g1(rg) + [|Onul|L2(ry) < 0 for sufficiently small §. This estimate should be

[ullg1/2(0yy + Onull g-172(r,) < C(k)

compared to the one proved in [6] for 2D functions in C?(Q) with the help of a
Carleman estimate obtained in [4].

It is useful to complete theorem 2 with the following one in a truncated domain,
which is more classical (see for example [I3]). It results from propositions 2 and 3.

Theorem 3 : We consider a bounded and connected domain Q C RN of class
OVt If Ty is a non-empty open domain of 02, then 3s,c,e9 > 0 such that Ve €
10, 0], Yu € H?(Q),

c
lullii@,) < < (I1Pullzz) + el g + 10nullzaiy) + & [lullmi@), (1)

c
lulliz@,) < < (I1Pullzzo) + lullmoreme) + 10nullmawy)) + & [lullm @), (12)

where Q, is defined, for small p > 0, by Q, = {z € Q, d(x,T1) > p}, and T'y is
the open domain of O such that Ty NIy = () and OQ =Ty UT.
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Proof : The estimate (1) is an obvious consequence of propositions 2 and 3.
The proof of (I2) requires the following regularity estimate, which is easy to derive.
For p > p, there exists C' > 0 such that for all v € H?(Q) with v|p, = 0 and
(an’l))|po =0,

Wla2e,) < CUllm @, + 1Pvllr2g,))- (13)

We can define (ulr,, Onulr,) € H3/?(Ty) x HY?(Ty) for u € H?*(Q), and a con-
tinuous extension E : (go,q1) € H*?(Ty) x H'/?(Ty) — @ € H?*(Q) such that
(alFmanalFo) = (90791) (See M> p. 37)

Let us suppose that @ = E((u|r,,nu|r,)). Since v := u — @ satisfies ([[Il) with
v|r, = 0 and d,v|r, = 0, and since v satisfies (I3 as well, we obtain that for small
p>0,

& S
[[v[lz20,) < g”PUHL?(Q) + & [[vll (-

We obtain the estimate (I2]) by coming back to the function u and using the conti-
nuity of £. W

3 About the sharpness of the stability estimate

In this section, we prove that the estimate () is nearly sharp in a sense we define
later on. In this view, we take P = —A, Q is the 2D rectangle |0, X[x]0, Y[ and Ty
is the segment ]0, Y[ on the y axis. {2 is not a domain of class C*!. Nevertheless, (&)
holds in € for functions u defined in ]0, X[xR such that u € H?(Q2) and u(x,y+Y) =
u(zx,y), for all (x,y) €]0, X[xR. We prove this simply by using propositions 2, 3, 4
and the Y-periodicity of function u along the y axis.

The estimate (8) is nearly sharp in the following sense : there does not exist a
function € — g(e) with lim._,¢ g(¢)/e = 0, such that for some ¢,g9 > 0, for all
e €]0,¢eq], for all u such as described above,

ullg1 o) < e/ (||Au||L2(Q) + [|ul| g1 (rg) + ||8TLU||L2(F0)) +g(&) l[ull 2 () -

In other words, g cannot decrease faster than e when & tends to 0. Since in (g])
g(e) = " for all k < 1, this proves that (§) is nearly sharp.

We prove this by contradiction. Assume lim._,¢ g(¢)/e = 0. We define, for X > 0
and Y = 2, the following sequence of functions, which is inspired from the famous
example of Hadamard.

mx imy
3

U (2,y) = d(T)em (T, y), em(z,y) ="

with m € N and ¢ is a C? function defined in R by

p=0 <0
p>0 0<z<A
o=1 z>A,

with X > A > 0.

We have of course uy,, € H2(Q), un(z,y +Y) = up(z,y) for all (z,y) €]0, X[xR,
and the definition of ¢ leads to ., |r, = 0 and (Ozum)|r, = 0. From the stability
estimate, we obtain that for all m € N and for all € < ¢,

|22 ) < €%l Aum||2(0) + 9(E)|[tml 2 (0)- (14)
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After some simple calculations, we have

Oy , Oy, .
= o+ Pen(ey), G = (imB)en(zy).
82 m , ” 82 m . /
87;;2 = (m*¢ +2m¢’ + ¢")em (2, ), W%y = im(me + ¢ )em (2, y)
0%y,

8:1/2 = _(m2¢)€m(xa y)7 Ay, = (2m¢/ + ¢//)€m($, y)

Now let us consider the estimate ([4). Concerning the left-hand side, we obtain
after some simple calculations and by using the fact that ¢(z) = 1 when z € [A4, X]

that
[umllm () = C1\/TTL\/W’ (15)

for some constant C; > 0. Concerning the right-hand side, by using the fact that
SUP;_g 1.2 SUDscR \qﬁ(i) (2)] < +o0 and ¢'(x) = 0 when x € [A, X],

||Aum||L2(Q) < CQ\/TTL\/ €2m‘4 - ]., Hum||Hz(Q) < C3m3/2 V e2mX ]., (16)

for some constants Co,C3 > 0. Combining the estimates ([[dl), (IZ) and (@), we
obtain that for all m and all € < g,

e2mX _ g2mA < CeC/er/e2mA _ + Cg(e)mn /e2mX _ 1,

for some constant C' > 0. Dividing the above equation by ve2"X — 1, we obtain

V31— e—2m(X-4) < Cec/ae—m(X—A) V1-— e—2mA
V1 — e—QmX - A /1 _ e—QmX

It remains to select 1 such that 0 < n < X — A and define the sequence (€, )m such
that e,, = 1/(km) with k = (X — A —n)/c > 0. Hence we have e®/sm—m(X-4) =
e~ The left-hand side of (7)) converges to 1 when m — 400, while the first term
of the right-hand side tends to 0 when ¢ is replaced by &,,, as well as the second
term since g(1/m)m — 0 when m — 4o00. Thus, we have found a contradiction.

+ Cyg(e)m. (17)

Remark 5 : To the author’s knowledge, the validity of (§) in the limit case
k = 1 is an open problem, even for domains of class C'*°.

4 Application to the method of quasi-reversibility

In this section, we use the stability estimates obtained before in order to derive
some convergence rates for the quasi-reversibility method, and therefore to complete
the results already obtained in [I6] in truncated domains. The method of quasi-
reversibility, first introduced in [I7], enables one to regularize the ill-posed elliptic
Cauchy problems. Specifically, we consider a domain {2 as described in the statement
of theorem 2, and a truncated domain 2, as defined in the statement of theorem 3.
Now we assume that u € H?() solves the ill-posed Cauchy problem with (go, g1) €
H3/2(Do) x HY?(To) -

Pu=01in Q
ulr, = go (18)
Ontt|ry = 1.
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Given some noisy data (gg,gg) € H*/?(To) x H'/?(I'y) with

1195 = gollms/2(ro) + 197 — g1ll 20y < 0,

we consider the formulation of quasi-reversibility for a > 0 : find ug € H?(£2), such
that Vv € H*(Q), v|r, = Onv|r, =0,

(Pug, Pv) 2y + a(ug,v) g2 =0
uglr, = 9§ (19)
8nug|1“0 = g?

Using Lax-Milgram theorem, we easily prove that formulation (I9) is well-posed. If
we denote u, = u?, which is the solution of quasi-reversibility without noise, we

a

obtain for some constant Cy > 0,
o o
I, = ol < Co= (20)

On the other hand, we easily prove by using (8] and (I9) that there exist constants
C4,C5 > 0 such that

||’U,a — u||H2(Q) < Cl, ||P(ua — u)HLz(Q) < 02\/& (21)

Using (ZI) and then corollary 1, theorem 3 (combined with lemma 3) for function
uy —u € H%(Q), we obtain there exist v €]0,1/2[, C(x) > 0 for all x €]0, 1], such
that for sufficiently small o > 0,

[Jte — u||H2(Qp) <Cda7, (22)
1
(log(1/a))"
Choosing o = o in ([20)), we obtain exactly the same estimates for uZ — u as in (22))

and ([23)) simply by replacing the regularization parameter a by the amplitude of
noise ¢ in the right-hand side.

|t —ul|lgr) < C(k) (23)

Remark 6 : In [2], theorem 3 is not optimal in the sense that we can obtain
the Holder convergence rate ([22) and not only a logarithmic convergence rate as
stated in the theorem.

Remark 7 : It should be easy to prove theorem 2 and corollary 1 for some more
general elliptic operators, for example

N

N
Pu=— Z 0;(a;;(x)0ju) + ij(x)aju + e(z)u,

4,j=1 Jj=1

if we assume that the coefficients b; (j = 1,..,N) and ¢ all belong to L>(2), that

the coefficients a;; are Lipschitz continuous in (2, satisfy a;; = a;; and for some
constant a > 0,

N
> aij(@)6&; > alé]?, VzeQ, VEeRN.
ij=1
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Remark 8 : There is an analogy of our result with case of the stability estimate
for the parabolic equation with the reversed time direction, that is the problem
of finding the initial condition from the lateral Cauchy data in the time interval
(0, 7). One obtains for that problem a Hélder stability estimate of the solution in
the incomplete time interval (a,T) with @ > 0 [I§] and one obtains a logarithmic
stability estimate when a = 0 [I5].
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